A systematic numerical investigation of spin-orbit fields in the conduction bands of III-V semiconductor nanowires is performed. [1120] directions. Robust multiband k · p Hamiltonians are solved by using plane wave expansions of realspace parameters. In all cases the linear and cubic spin-orbit coupling parameters are extracted for nanowire widths from 30 to 100 nm. Typical spin-orbit energies are on the µeV scale, except for InAs wurtzite nanowires grown along [1010] or [1120], in which the spin-orbit energy is about meV, largely independent of the wire diameter. Significant spin-orbit coupling is obtained by applying a transverse electric field, causing the Rashba effect. For an electric field of about 4 mV/nm the obtained spin-orbit energies are about 1 meV for both materials in all investigated growth directions. The most favorable system, in which the spin-orbit effects are maximal, are InAs WZ nanowires grown along [1010] or [1120], since here spin-orbit energies are giant (meV) already in the absence of electric field. The least favorable are InAs WZ nanowires grown along [0001], since here even the electric field does not increase the spin-orbit energies beyond 0.1 meV. The presented results should be useful for investigations of optical orientation, spin transport, weak localization, and superconducting proximity effects in semiconductor nanowires.
I. INTRODUCTION
The ultimate goal of spintronics is to enhance the functionalities of electronic devices by exploring the spin degree of freedom. 1, 2 In low dimensional semiconductor nanostructures the control of spin allows to transfer information between spin and light, [3] [4] [5] [6] [7] can realize topological states of matter 8 and helical states in 1D nanowires [9] [10] [11] [12] that are essential in the search for Majorana zero energy states. 9, 13 In particular, semiconductor nanowires with strong spin-orbit coupling (SOC), such as InSb and InAs, in proximity with an s-wave superconductor may support such zero energy bound edge state, when time reversal symmetry is broken by a magnetic field. [14] [15] [16] [17] [18] [19] In the absence of space inversion symmetry, in addition to orbital splittings at high symmetry points and lines, SOC is also manifested by the spin-splitting of the energy bands and by the appearance of a spin texture on energy surfaces. The spin-splitting can arise from two main contributions: the bulk inversion asymmetry, known as BIA, 20 and the structural inversion asymmetry, known as SIA. 21 The former is present in materials, such as III-V semiconductors, lacking space inversion in the primitive cell. The latter appears due to quantum confinement, at interfaces in heterostructures, and in the presence of an applied electric field. Tuning the interplay between different sources of SOC can lead to persistent spin helices [22] [23] [24] , spin field-effect transistors 25 , g-factor anisotropies [26] [27] [28] and significant changes in the spin relaxation times 29, 30 . Experimentally, reliable determination of the SOC strength in nanowires is a challenging task. 31 Distinct setups yield differing values. 30, 32, 33 For example, SOC strengths in the same material, extracted from weak antilocalization measurements, come out different.
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These distinct values are due to the electron-electron contribution (Hartree potential) to the Rashba SOC term, [38] [39] [40] [41] i. e., the fields induced by the gates lead to a charge unbalance in the system. This charge unbalance gives rise to the Hartree potential which is strongly dependent on the system configuration and has a large contribution to the Rashba SOC term. Theoretically, it is common to use reduced models for the semiconductor conduction band. 1, 2, 21, 42 In these models, SOC enters as an empirical parameter that can assume a wide range of values for the same system depending on what is measured. 30, 33, [43] [44] [45] Motivated by the hybrid semiconductorsuperconductor proposal 9, 46 as a platform for the zero-energy Majorana bound states, that uses semiconductor nanowires with large SOC, we investigate the role of BIA and SIA SOC terms in free-standing zinc-blende (ZB) InSb and wurtzite (WZ) InAs nanowires. In particular, we address theoretically how the quantum confinement, given by the nanowire diameter, and the orientation of the nanowire (growth direction) modifies the main parameter-the SOC energy-that defines if the system can (or cannot) host Majorana zero-energy excitations.
Both multiband tight-binding and k · p methods [47] [48] [49] [50] [51] [52] [53] have been successful in the determination of the electronic and spintronic properties of nanowires. Here we use robust multiband k · p models: a 14-band Kane model 2,54,55 to treat ZB InSb nanowires, and 8-band model 56 to treat WZ InAs nanowires, under the envelope function approximation and plane wave expansion. The BIA SOC for ZB is taken into account with the addition of the extra conduction bands (in comparison with the 8-band model) and their explicit coupling parameters; in the WZ case we also include often neglected linearin-momentum SOC terms in the 8-band model. [57] [58] [59] [60] We also apply an electric field, transverse to the nanowires axes, to investigate the Rashba effect and extract the field-dependent spin-orbit parameters.
We give the essential spin-orbit splitting parameters and effective masses for the lowest conduction subbands, for a set of hexagonal nanowires, from 30 to 100 nm, oriented along different directions: [001] , [110] , and [111] for ZB InSb, and [0001] and [1010] or [1120] WZ InAs nanowires. In the absence of electric field the spin-orbit energies of ZB InSb nanowires are tiny, on the order of micro eVs. However, due to the presence of a linear spinorbit splitting in the bulk, WZ InAs nanowires exhibit giant splittings already in the absence of the field. Although symmetry suppresses the spin-orbit energy for [0001] nanowires, the splitting is about 1 meV in [1010] or [1120] cases.
Under an applied electric field, ZB InSb nanowires can exhibit spin splittings as on the meV scale, in the fields of a few mV/nm. We find that this Rashba effect does not depend essentially on the growth direction, nor on the nanowire diameter. However, the case of WZ InAs nanowires is curious. The electric field does not significantly increase the spin splitting for [0001] directions. For example, the spin-orbit energy reaches only 20 µeV for fields of 4 mV/nm, hardly enough to be practical as a platform for topological superconductivity. This material system is rather unfavorable in this sense. On the other hand, the spin-orbit energy of WZ InAs nanowires grown along [1010] or [1120] retain their meV spin-orbit energies, not being influenced much by the field. We conjecture that this is true even in the presence of gating interfaces, meaning that the bulk effect dominates over the interfaces and electric fields which further reduce space inversion symmetry. The robustness and large value of the spin-orbit energy in these systems makes us suggest them as favorable systems.
Spin-orbit coupling in semiconductor nanowires has recently been investigated. Kammermeier et al. 45 devised a theoretical framework to calculate the weak antilocalization effects in cylindrical nanowires and have successfully reproduced the values of α R ≈ 0.1 -0.3 meV·nm for ZB InAs nanowires. [61] [62] [63] [64] [65] Winkler et al. 53 , using multiband k · p for WZ InAs oriented along [0001] direction and tight-binding model for ZB InSb oriented along [111] direction, found an increase, of one order of magnitude or more, in the g-factor of excited conduction subbands due to the spin-orbit coupling. Luo et al. 66 found a giant Rashba effect of holes in semiconductor nanowires. Using an atomistic approach, they found that the hole Rashba coefficient of ZB InAs nanowires under an applied electric field of the order of 0.5 mV/nm is about 2 -5 times larger than the electron Rashba coefficient. Consistent with our results, they also found a saturation of the electron Rashba coefficient with increasing nanowire diameter. Moreover, Wójcik et al. 41 using a 2-band k · p model (by folding down the 8-band Kane model), in a self-consistent framework were able to accurately reproduce the results for ZB InSb nanowires from Ref. 36 . Unlike in our work, which provides setup-free spin-orbit parameters, these authors fixed the nanowire diameter and orientation and studied how SOC changes with distinct gate configurations and charge profiles. Nevertheless, in their calculations they found for a ZB InSb nanowire with L ≈ 100 nm for a fixed chemical potential of 0.2 eV and an applied electric field of 4 mV/nm, a Rashba coefficient of about α R = 2α ≈ 50 meV·nm which is in good agreement with our results of α ≈ 19 meV·nm. This paper is organized as follows: In section II we present the geometric schematics of the nanowires we have simulated specifying the orientations and coordinate axes. Following, we introduce the respective k · p models we used as well as the numeric procedure employed to calculate the energies and states of the nanowires. After that, in section III, we present the model Hamiltonian including SOC and its energy dispersion. With the expression from the energy dispersion we then apply a fitting procedure to the lowest conduction subband of the nanowires. In section IV we discuss the specifics of the effective masses and SOC in ZB type structures following, in subsections IV A-IV C, with a detailed examination of the SOC in the distinct nanowire orientations. In section V and subsections V A and V B we do the same but for WZ crystal phase. Next, in section VI we discuss the essential SOC effects in nanowires from the perspective of finding a topological quantum phase transition in superconducting nanowires. Finally, we conclude in section VII.
II. NANOWIRE MODELING
By carefully controlling growth conditions, [68] [69] [70] semiconductor nanowires using III-V compounds can be synthesized with pure ZB or WZ crystal phases, 68 but also with a mixed phase. 71 Furthermore, it is possible to obtain nanowires with a variety of cross-sections, such as hexagonal, circular, square and etc, grown along different directions. Typically, ZB nanowires grow along [111] directions with hexagonal cross-section, [72] [73] [74] for [110] oriented ZB nanowires there can be several cross-section configurations from trapezoidal to diamond-like shapes and non-regular hexagons. 70, 74, 81 On the other hand, from a theoretical perspective nanowires are usually treated with cylindrical or square cross-section which simplifies the calculations without sacrificing the underlying physical features of the system. 45, [82] [83] [84] In this paper we consider ZB InSb and WZ InAs nanowires with hexagonal cross-section, 85 oriented along different (growth) directions, as shown in Fig. 1 Fig. 1 (c) . For all other orientations the relation between the cartesian coordinates and the crystallographic orientations is discussed in the corresponding sections.
Bulk ZB crystals are invariant under T d , and WZ crystals under C 6v symmetry operations. Because space inversion symmetry is broken in these two crystal phases, the energy bands of both ZB and WZ nanowires exhibit generic spin-split due to the (bulk-inversion) asymmetry. To simulate realistic experimental conditions we also apply an external electric field in the cross-sectional plane of the nanowires. Our intention is to give benchmark results, instead of very specific experimental conditions with metal gates and electrodes attached to nanowires, as well as heterostructure charging effects, which would require self-consistent treatment. We wish to rather provide estimates of how large spin-splitting one can expect if a given electric field, from whatever environment, acts on the confined electron gas in the nanowire.
The electric field introduces additional spin-orbit splitting, which in general interferes with BIA SOC. The resulting spin-orbit splitting can be said to be due to structure-inversion asymmetry (the Rashba effect), although this terminology is not unique, and we simply refer to the spin-orbit splitting without any labels, but stating the material, confinement geometry, nanowire orientation, and the electric field. Electric field also reduces the mirror symmetry, resulting in further orbital splitting of the conduction band subbands, as show in Figs. 7, 11, 15, 19 and 23. In order to calculate the electronic structure of ZB InSb and WZ InAs semiconductor nanowires and extract the spin-orbit splitting of the lowest conduction subbands, we employ the multiband k · p method combined with the envelope function approximation. Our k · p Hamiltonians describe realistically the bulk cases as the reference points.
For ZB InSb we use a 14-band extended Kane model, 2, 54, 86, 87 which provides the relevant SOC features in the lowest conduction band via coupling to higher conduction bands. 88 The involved bands are: the lowest s conduction and the lowest three p conduction bands, as well as the three highest p valence bands (heavy and light, and spin-orbit split-off bands). Including the spin degree of freedom to these bands, we end up with a total of 14 bands. We use the parameters 89 applied to the multiband k· p Hamiltonians means substituting bulk wave numbers k x(y) by operators −i ∂/∂x(y), keeping k z a parameter, thus transforming the bulk multiband Hamiltonian into a set of coupled linear differential equations. To solve these coupled differential equations we employ the plane wave expansion, 95, [100] [101] [102] [103] [104] that is, the Fourier transform of the real-space dependent parameters. In narrow gap semiconductors, real-space treatment of confined systems can lead to spurious solutions and special treatment 49, 105, 106 should be applied to eliminate them, while using Fourier transformation the spurious solutions are easily identifiable and controllable 102 . The plane wave expansion works by creating, effectively, periodically repeated systems of nanowires with vacuum in-between. To treat the vacuum we follow the suggested values, in Ref 92, of the band offset for the conduction band as 5.5 eV, and for the valence band as 2.5 eV. In Fig. 2 we show a scheme of the used band alignment of the semiconductor with the vacuum. In Appendix A we discuss the plane wave expansion approach and its numerical implementation.
In addition to confinement, we also apply electric field across the nanowires, along x and y directions, see Fig.  1 (a) for the choice of coodinate system. For example, if the electric field is along y, the voltage drop along the nanowire is
where e is the modulus of the electron charge and E is In the presence of SOC, the spin degeneracy of the bands is lifted (due to the lack of inversion symmetry, either atomic structure or confinement) and the band structure comprises two shifted parabolas, indicating the presence of a k-linear spin-orbit field. The new minima of the parabolas are at energy ESO, which is a measure of the strength of SOC.
the applied electric field. The values of y range from 0 to L, thus thicker nanowires have larger values of V ele for a fixed value of E. For sufficiently large values of V ele , the confinement profiles of conduction and valence energy bands overlap, therefore closing the gap of the system. In Appendix B we show an example of such case. Although interesting physical phenomena can be found in gapless systems, 107, 108 in this study we focus on values of electric fields that do not overlap conduction and valence energy band profiles, i. e., we are considering gapped systems.
III. MODEL HAMILTONIANS
We fit our numerical data to effective Hamiltonians in order to extract useful parameters such as effective masses and SOCs. In general, the conduction bands of our nanowires follow the 2 × 2 Hamiltonian
Here, H 0 is the effective mass Hamiltonian, expressing the parabolic dispersion near Γ-point. The remaining two terms express the bulk-inversion (BIA) and structureinversion (SIA) asymmetry induced SOCs. For conduction electrons, which form orbitally non-degenerate bands, these spin-orbit Hamiltonians are conventionally written as
where Ω k is the spin-orbit field. Time reversal symmetry requires it to be an odd function of momentum,
Otherwise the functional form of the spin-orbit field is restricted by the crystal and confine-ment symmetry.
Each structure has its own functional form of the effective mass and spin-orbit field, based on the symmetry. In the following sections we discuss the specific forms and present effective masses, as well as spin-orbit field parameters up to cubic-in momentum terms
Apart from α and γ, an important measure of the strength of SOC is the spin-orbit energy,
where m * is the effective mass of the conduction band. The spin-orbit energy is indicated in Fig. 3 .
Our goal is to provide a reliable fitting of these effective models to the numerical calculations using the multiband k · p Hamiltonians. The fitting procedure is illustrated in Fig. 4 . We fit the lowest conduction band, as calculated with the k · p method, using a cubic fitting, i. e., up to third order in the momentum, see Eq. 4. The agreement is in general excellent. From that fitting we obtain the effective mass of the lowest conduction band. The subband's spin-splitting, induced either by the structure itself, or by the applied electric field, is then divided by momentum, providing a nice way of obtaining the linear spin-orbit splitting parameter α as the intersection with the vertical axis. A quadratic fitting to this curve determines the cubic coefficient γ. In Appendix C we discuss the effects of higher conduction subbands. Spin-orbit splitting of the subband in (a) divided by momentum. This line is fit to obtain the linear spin-orbit coefficient α as well as the cubic spin-orbit coefficient γ. The thin vertical lines correspond to the fitting range which was taken as ≈ 1% of the Brillouin zone.
IV. ZINC-BLENDE InSb NANOWIRES
The cubic structure of ZB semiconductors allows to approximate the lowest conduction band (also in confined structures) by the parabolic dependence near Γ-point
where m * is the conduction electron effective mass. For bulk ZB InSb m * ≈ 0.015 m 0 54 , where m 0 is the free electron mass. However the effective mass value changes with the quantum confinement as we will discuss latter in the paper.
The spin-orbit splitting of the conduction bands in ZB InSb nanowires can be qualitatively discussed using the expression obtained by Dresselhaus for spin-orbit coupling in ZB III-V semiconductors. For bulk ZB III-V semiconductors Dresselhaus found that
The spin-orbit splitting of the conduction band is increasing as a cubic power of the momentum, away from the Γ-point. There is no linear-in momentum splitting in the bulk. A spherical plot of Ω BIA is shown in Fig.  5(a) (b) We also project the vector field Ω BIA on a Fermi sphere, in Fig. 5(b) . The field has saddle points along [001] , which is the familiar vector pattern for the Dresselhaus field in [001] grown quantum wells. Along body diagonals, [111] , the field has vortices, resembling the Rashba texture. Finally, along [011] the field does not vanish, but has a strong component perpendicular to the momentum. A simple counting of the winding numbers for the field indexes (points where the field vanishes)-6 saddle points of winding number -1 each, and 8 vortices of winding number +1 each-gives the total winding number of 2, which is the Euler characteristic of a sphere, in line with the Poincaré-Hopf theorem.
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In the following subsections we discuss separately the spin physics of hexagonal nanowires along the three growth directions, [001], [110] , and [111] . It is worth mention that our band structure is in agreement with previously published results. 48, 49, 82, 83 A.
[001] growth direction
The cross-section of the atomic structure of a ZB semiconductor along [001] direction is shown in Fig. 6(a) . The principal symmetry axes are along [110] and [110] , which are also the normal vectors of the mirror symmetry planes. This symmetry is not compatible with the chosen hexagonal confinement, resulting in the absence of a mirror symmetry plane in the nanowire structure, see and with the applied electric field, respectively. In (c), the resulting spin projection along the nanowire axis is due to the mismatch between the atomic arrangement and the quantum confinement, and is absent if the growth direction would lie in a mirror symmetry plane (which is the case for square and circular nanowires). (a) was produced using the VESTA software.
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In the bulk, the spin-orbit field vanishes for momenta along [001], as is clear from the Dresselhaus expression, Eq. 7. However, the disorientation of the hexagonal confinement in our nanowires leads to a finite, linear in momentum spin-orbit field. This field (that is, the spin quantization axis) points in the [001] direction, so the spin-orbit splitting is proportional to k z σ z . Such a term would not be allowed if the growth direction would lie in a mirror symmetry plane (which is the case for square and circular nanowires). 112 The orientation of the spin caused by SOC in ZB nanowires, without applied electric field, is shown in Fig. 6(c) . By applying an electric field, the simple SIA model tells us that the spin is oriented perpendicular to both the direction of the field and the electron's velocity, which in the case of electric field along y direction makes the spins oriented along x, see Fig.  6 (d). Figure 7 shows the calculated electronic subband structure for a ZB InSb hexagonal nanowire along [001], calculated using the 14-band k · p method. The conduction subbands are shown in the absence and presence of a transverse electric field along the y direction. In the absence of the electric field, the mismatch between the crystal structure and the confinement profile tells us that the lowest conduction subband should be spin-split. This is explained by directly quantizing the Dresselhaus field, Eq. 7, in the x and y directions. Indeed, considering that the expectation values of operatorsk x = −i∂/∂x andk y = −i∂/∂y vanish for the ground state |0 , we obtain
where κ 2 is the expectation value ofk
. Because our nanowire does not have the x → y symmetry, κ 2 does not, in general, vanish, and the lowest conduction subband exhibits a weak spin-orbit field oriented along the growth direction z. To get an estimate for the linear splitting, we approximate
where f a is an anisotropy factor quantifying the difference between x and y directions. This factor should be on the order of 0.1 (this is a guess), which say, for L = 60 nm, we would then get α ≈ 3 µeV·nm for InSb. This is indeed a tiny value and it is bellow our numerical precision as discussed in Appendix A. Therefore we regard it as zero. However, the splitting is strongly enhanced in the presence of the electric field, whose effect is nicely visible already on the scale of Fig. 7 . The extracted linear and cubic spin-orbit coefficients α and γ, as functions of E y are plotted in Fig. 8(a)-(b) . The linear coefficient is typically 10 meV·nm for electric fields of a few mV/nm. Cubic coefficients are about 400 meV·nm 3 . In Fig. 8 (c) we see that the confinement influences the effective mass of the lowest conduction subbands. The effective mass for nanowires with L > ∼ 50 nm is already within 20% of the bulk electron mass. For thinner nanowires (30 nm) the effective mass reaches values 0.02 m. Finally, in Fig. 8(d) we provide the full map of the extracted spin-orbit strength E SO as a function of both the electric field E y and the diameter of the nanowire L. For a given electric field in the considered range there is not much variation of the spin-orbit strength with respect to the nanowire diameter. The electric field is the most critical control parameter to tune the spin-orbit splitting. The obtained spin-orbit energies for the ZB InSb nanowires are about E SO = 0.8 meV for fields of 4 meV/nm. The scaling with the electric field is quadratic, since E SO ∼ α 2 , and α grows linearly with increasing electric field.
B. [110] growth direction
We now rotate the coordinate system such that the nanowire axis is along z = [110] . The new cartesian system is shown in Fig. 9 : axis x = [001] and y = [110] . The cross-section of the atomic structure of a ZB semiconductor along [110] direction is shown in Fig. 10(a) . The hexagonal confinement reduces the structural symmetry, retaining only one mirror plane, spanned by y and z (making the system symmetric as y → −y). The compatibility of the atomic structure along [110] and of the confinement is shown in Fig. 10(b) . The Dresselhaus spin-orbit field, Eq. 7, for ZB structures with rotated coordinates as shown in Fig. 9 , transforms according to the functional form,
The coordinates of momenta k x , k y , and k z , are with respect to the rotated axes with unit vectork z pointing along [011] , k x along [001], and k y along [110] .
When we quantize the spin-orbit field along x and y, we get linear spin-orbit splitting for the free motion along z proportional to k z σ y . The orientation of the spin caused by SOC in ZB nanowires without applied electric field is along y, as shown in Fig. 10(c) . In an electric field along y, the spin orientation points along y, see Fig. 10(d) . Figure 11 shows the calculated electronic subband structure for a ZB InSb hexagonal nanowire along [110] . The conduction subbands are shown in the absence and presence of a transverse electric field along the y direction. In the absence of the electric field the lowest conduction subband has a small spin-splitting due to the hexagonal confinement. This is explained by directly quantizing the Dresselhaus field, Eq. 10, in the x and y directions: As in the [001] case, the presence of the external electric field is the dominant factor in the spin-splitting also in nanowires along [110] . In fact, the linear and cubic spin-orbit parameters, effective masses, as well as the spin-orbit field, are in magnitude very similar to the [001] case, see Fig. 12 , for the range of electric fields considered. However, due to non-vanishing Dresselhaus SOC for [110] direction, thinner nanowires have a nonzero spin-splitting with parameters α ≈ 4meV/nm and γ ≈ −100meV/nm 3 . The interplay between the Dresselhaus and Rashba SOC is additive for electric fields along y direction while for electric field along x direction the zero spin-splitting case is shifted to non-zero values of electric field. Figure 13 : Scheme of the coordinate system with the growth direction along [111] , and transverse plane spanned by indicated rotated x and y axes.
C. [111] growth direction
Finally, we look at InSb nanowires oriented along [111] . The rotated coordinated axes are z = [111] , x = [112] , and y = [110] , see Fig. 13 . The atomic structure profile is in Fig. 14(a) . Here, the atoms arrange themselves with a trigonal symmetry, similar to the confinement profile. However, the atomic arrangement is less symmetric than the hexagonal confinement. The compatibility of the atomic structure along [111] and of the confinement is shown in Fig. 14(b) .
The Dresselhaus spin-orbit field, Eq. 7, for ZB struc-tures with rotated coordinates as shown in Fig. 13 , transforms as,
The coordinates of momenta k x , k y , and k z , are with respect to the rotated axes with unit vectork z pointing along [111] . Unlike in previous examples, where we applied the electric field along y, here we direct it along x, to explicitly demonstrate that the orientation of the field, as well as of the wires, matters little once the fields are strong enough to raise the spin-orbit energies above 100 µeV or so. and with the applied electric field, respectively. (a) was produced using the VESTA software.
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When we quantize the spin-orbit field along x and y, we get linear spin-orbit splitting for the free motion along z proportional to k z σ y . The orientation of the spin caused by SOC in ZB nanowires without applied electric field is along y, as shown in Fig. 14(c) . In the presence of the electric field along x the spin orients along y, see Fig.  14(d) .
In Fig. 15 we display the calculated electronic subband structure for a ZB InSb hexagonal nanowire along [111] . Again, the subbands are shown in the absence and presence of a transverse electric field along the x direction. The zero spin-splitting is explained by quantizing the Dresselhaus field:
where κ 2 is the expectation value of What is the effect of the electric field oriented along x? Consulting Fig. 16 we see that the the overall behavior is very close to that seen in [001] and [011] wires with the field along x. This demonstrates that the growth direction, as well as the application of the electric field, are essentially irrelevant in determining the magnitude (but not direction!) of the spin-orbit fields. The magnitudes of the spin-orbit energy reach close to 1 meV for electric fields of 4 mV/nm.
V. WURTZITE InAs NANOWIRES
For WZ crystals thex andŷ direction are geometrically distinct fromẑ yielding different effective masses and, consequently, energy dispersions, described close to the [111] . Unlike in other cases, the electric field is now along x.
Γ-point by the quadratic Hamiltonian,
For bulk WZ InAs the two values for the effective mass are: i) the perpendicular m * ⊥ ≈ 0.0416 m 0 ; ii) and the parallel m * ≈ 0.037 m 0 to the c-axis.
56,113
The functional form of the spin-orbit field of the conduction electrons in bulk WZ III-V semiconductor is along the z direction. (a) was produced using the VESTA software.
111
The cross-section of the atomic structure of a WZ semi-conductor along [0001] direction is shown in Fig. 18(a) . The atomic arrangement has an incomplete hexagonal symmetry that is not compatible with the chosen hexagonal confinement, resulting in an absence of some mirror symmetry planes in the nanowire structure, see Fig.  18(b) . As already mentioned, the spin-orbit field vanishes for momenta along [0001] . In the bulk WZ crystal, there are glide symmetry planes which require an extra c 2 translation along the z axis. Since the nanowires considered in this section are grown along the z direction, this glide symmetry plane also applies. Therefore, as indicated in Fig. 18(c) , there is no spin-orbit field in the absence of electric field. By applying a transverse electric field, say along y, the spin quantization axis will be x, see Fig.  18(d) . Figure 19 shows the calculated electronic subband structure for a WZ InAs hexagonal nanowire along [0001] . Conduction subband is shown in the absence and presence of a transverse electric field along the y direction. In the absence of the electric field the lowest conduction subband is degenerated, while we see a small spinsplitting due to the applied electric field. This small spinsplitting indicates that the Rashba coefficient for WZ InAs is rather small. The extracted linear and cubic spin-orbit coefficients α and γ, as a function of E y are plotted in Fig. 20(a)-(b) . The linear coefficient is typically 1 meV·nm for electric fields of a few mV/nm. Cubic coefficients are about 5 meV·nm 3 . These spin-orbit coefficients are more than an order of magnitude smaller than the ones we have encountered in InSb ZB nanowires. Why are spin-orbit effects in WZ nanowires grown along [0001] negligible? The reason stems in Eq. 15. Quantizing the field along the confining x and y directions, even in the presence of the electric field, does not yield a term linear in k z . Any such linear term present in the nanowire must come from higher order (and thus necessarily smaller) terms, not captured by Eq. 15.
In Fig. 8(c) we see that the confinement influences the effective mass of the lowest conduction subbands, although the influence is smaller than in the ZB case since WZ electrons have already a larger effective mass. The effective mass for nanowires with L > ∼ 50 nm is already within 10% of the bulk electron mass. For thinner nanowires (30 nm) the effective mass reaches values 0.043 m. Finally, in Fig. 20(d) we provide the full map of the extracted spin-orbit strength E SO as a function of both the electric field E y and the diameter of the nanowire L. For a given electric field in the considered range there is not much variation of the spin-orbit strength with respect to the nanowire diameter. The smallness of α is reflected in the small spin-orbit energy. Indeed, the energy is only E SO = 30 µeV for fields of 4 meV/nm. Nanowires based on WZ InAs, grown along [0001], are thus hardly suitable as a platform for studying topological superconducting proximity effects. Fig. 21 : axis x = [0001] and y = a 2 . The cross-section of the atomic structure of a WZ semiconductor along [1010] direction is shown in Fig. 22(a) . The hexagonal confinement reduces the structural symmetry, retaining only one mirror plane, spanned by y and z (making the system symmetric as y → −y). The compatibility of the atomic structure along [1010] and of the hexagonal confinement is shown in Fig. 22(b) . 
The coordinates of momenta k x , k y , and k z , are with respect to the rotated axes with unit vectork z pointing along [10110] , k x along [0001], and k y along a 2 . When we quantize the spin-orbit field along x and y, we get linear and cubic spin-orbit splitting for the free motion along z proportional to k z σ y . The orientation of the spin caused by SOC in WZ nanowires without electric field is along y, as shown in Fig. 22(c) . By applying an electric field along y, the spin acquires a component along x. However, the Rashba coefficient, due to the applied electric field, for InAs WZ nanowires is rather small compared to intrinsic one, as seen in Fig. 18(a) , and the change in the spin orientation is negligible. Therefore the spin orientation, even with electric field is along y, for the range of electric field investigated, as depicted in Fig. 22(d) . ence of a transverse electric field along the y direction. In the absence of the electric field the lowest conduction band already has a large spin-splitting. This is explained by directly quantizing the Dresselhaus field, Eq. (16). We get,
where κ 2 is the expectation value of bk 2 y +k 2 x in the ground state:
2 y |0 which in general is not zero. There is always the linear term present, which is due to the bulk spin-orbit coupling α WZ . This is the dominating spin-orbit contribution to the spin-orbit energy even in the presence of electric field (within the investigated ranges).
Indeed, the spin-splitting is not strongly enhanced in the presence of the electric field, as seen in the case of [110] ZB InSb nanowire, shown in Fig. 11 . The extracted linear and cubic spin-orbit coefficients α and γ, as a function of E y are plotted in Fig. 24(a)-(b) . The linear coefficient is typically 15 meV·nm for electric fields of a few mV/nm. In Fig. 24(c) we see that the confinement influences the effective mass of the lowest conduction subbands. For thinner nanowires (30 nm) the effective mass reaches values 0.054 m which is about 10% larger than the bulk effective mass.
In Fig. 24(d) we give the full map of the extracted spinorbit strength E SO as a function of both the electric field E y and the diameter of the nanowire L. Most important, the energy is in the range 1 -2 meV; this magnitude is rather stable with respect to the nanowire diameter and the electric field.
VI. DISCUSSION
In ZB nanowires it is the confinement and electric field that dominate spin-orbit splitting. Bulk effects are negligible, since they are only cubic in momentum. Interface with vacuum leads to inter-facial spin-orbit coupling, 114 and electric field to more localized subband modes, inducing the Rashba effect. 21 On the other hand, WZ crystals exhibit linear spin-orbit splitting already in the bulk. Incidentally, what leads often to confusing terminology, this is also called Rashba splitting, 60, 115 as it was derived by Rashba.
116 In addition, in WZ confined systems and/or in the presence of electric field, the spin-orbit splitting is proportional not only to the electrostatic potential gradient, but depends on the potential itself. 117 The linear coefficient α is thus not necessarily a linear function of electric field.
When we induce a structural asymmetry via the electric field, we have at least two cases: i) the application of E = E 0x induces a SIA spin-orbit coupling with spin polarization along the y direction and; ii) the application of E = E 0ŷ induces a SIA SOC with spin polarization along the x direction. Both cases have a functional form for the spin-splitting which is linear in momentum. In case i) both BIA and SIA have spin polarization along the same direction (exception made for ZB [001] oriented nanowires), therefore their contributions interfere with each other and we could get a subband dispersion which is asymmetric (or have an asymmetric spin-splitting) with respect to the sign of the applied electric field. 118 In case ii) we do not have interferences between BIA and SIA, because they always point in distinct directions, and the spin-splitting parameters are always symmetric with respect to the applied electric field.
A distinction between our 'hard wall' nanowires and electrically defined quantum wires is that, in the former, the confinement in the xy plane have very similar strengths, therefore it couples the electron dynamics in all three dimensions, which is not the case in the latter system where the confinement is much weaker than underlying quantum well confinement. 119 This distinction means that the Rashba effect (structural asymmetry), describes very well the decoupled case (electrically defined quantum wire) but it should fail in general for the hard wall case. The failure is seen as a deviation from the linear dependence with the electric field of the associated spin-splitting parameter, see Figs. 8(a), 12(a), 16(a), 20(a) and 24(a). Moreover, since in quantum wire systems the Rashba coefficient is given by the underlying asymmetry in the quantum well, it should remain invariant under changes in the electrical confinement. On the other hand, for hard wall confinement, the Rashba coefficient strictly depends on the geometric configuration of the system. Therefore, changes in the quantum confinement also change the Rashba coefficient.
119,120
For ZB in Figs. 8(a)-(b), 12(a)-(b) and 16(a)-(b) , we see that for large confinements, L = 30 nm, the spin-splitting coefficients (linear and cubic in momentum) present a linear dependence with the applied electric field. However as we increase the wire diameter to L = 60 nm we already see that this linear dependence holds only for small values of electric field. Moreover, comparing the spin-splitting parameters for diameters L = 60 nm and L = 100 nm wee see that they almost do not change. Hence, we can say that the Rashba parameter has a dependence on the nanowire diameter: it is small for thin wires and grow up to a saturation value for large diameters. Also, the simplified Rashba model, when applied to nanowires, does not predict a cubic in momentum dependence for the spin-splitting parameters and the BIA term only show a cubic dependence for [110] oriented nanowires. However, since we are using the full multi band Hamiltonian and not the simplified Rashba model, we realistically capture all the features of the full model which includes: i) the dependence of the Rashba parameters on quantum confinement; ii) the deviation of linearity for large electric fields and iii) the presence of the cubic in momentum dependence of the spin-split parameters. For WZ in Figs. 20(a)-(b) and 24(a)-(b) , the same applies, except that the Rashba coefficient does not vary with the nanowire diameter as discussed above.
We also briefly discuss the relevance of our results for superconducting proximity effects. In Fig. 25 we plot the spectrum of ZB InSb nanowires in the superconducting proximity regime (non-zero superconducting gap ∆) in the presence of a magnetic field causing Zeeman (but no orbital) splitting. The spectrum is obtained by solving the BdG equation 9, 46 ,
where σ is a vector containing the Pauli spin matrices (plus the identity, σ 0 ) acting on the spin degree of freedom and τ is a vector also containing the Pauli matrices but acting on the particle-hole space. The wave function is in the Nambu spinor basis, i. e., it contains both particle and antiparticle wave functions and is written as
Here the Rashba term can be on x or y direction (depending on the direction of the applied electric field), and the magnetic field that is perpendicular to it. For the system to undergo the topological phase transition it has to be gapped before we couple it to the superconductor, then with a change in the parameters it has to close the gap and reopen again. At k z = 0, the gap is defined by E (0) = |V Z − ∆ 2 + µ 2 |. The trivial phase is defined when V Z < ∆ 2 + µ 2 , the phase transition (closing of the gap) when V Z = ∆ 2 + µ 2 and the topological phase is defined when V Z > ∆ 2 + µ 2 .
46,121-123
Since our k · p Hamiltonians describe the crystals with both bulk inversion asymmetry and structural inversion asymmetry, for instance when an external electric field is applied, its subbands are spin-split away from k = 0. Especially for the conduction subbands, they have a 'Diraclike' shape for very small momenta. In Ref. 121 the authors showed that the combination of this 'Dirac-like' shape for the conduction subbands, the presence of a magnetic field, giving a Zeeman spin-split, and the proximity effects of a s-wave superconductor allows for a effective p-wave pairing in the lowest branch of the conduction subband.
The appearance of the topological superconducting phase, and therefore, the possibility of a zero-energy Majorana bound state follow from: i) the spin-orbit coupling spin polarize the subbands which in turn are split at k = 0 by the magnetic field; ii) with the Fermi level set in between the Zeeman gap, we get an effective spinless (or polarized spinful) metal; iii) the superconductor induces a p-wave pairing which is known to support Majorana fermions. 14 In Fig. 25(d) we show that the gap is open for B = 0.1 T and ∆ = 0.25 meV, and that matching the Zeeman energy to the pairing potential, the gap closes, see Fig. 25(e) . Once the magnetic field further increases, the superconducting spectral gap reopens, see Fig. 25(f) , demonstrating the possibility for topological phase transition. However, experimentally this is still a challenging task due to imperfections in the growth process.
19,125-127

VII. CONCLUSIONS
We performed a systematic investigation of the spinorbit interaction in hexagonal semiconductor nanowires under an applied transverse electric field. We used robust multiband k · p Hamiltonians in the envelope function approximation and plane waves expansion to extract relevant physical parameters describing the lowest energy conduction band with high fidelity. Specifically, we focused on ZB InSb and WZ InAs nanowires, extracting relevant spin-orbit parameters: linear α, cubic γ, and spin-orbit energy E SO .
We found that in ZB InSb nanowires the spin-orbit splitting is strongly influenced by the quantum confinement. On the other hand, for WZ InAs nanowires there is already a large linear spin-orbit parameter α W Z , which also dominates in the presence of confinement. Due to symmetry reasons, the spin-splitting remains largely unaffected in [1010] or [1120] oriented nanowires, while the splitting is absent for wires along [0001] .
In the presence of electric field, the spin-splitting gets Finally, with our realistic set of parameters describing the first conduction band of the nanowires, we used the BdG formalism to describe the superconductivity induced effects and showed that system undergoes the topological phase transition. Our results could help guiding experimental efforts in demonstrating such superconducting topological effects. function approximation we end up with a description of the spatial dependent functions and parameters in terms of derivatives (k x(y) → −i∂/∂x(y)), by performing the plane wave expansion can be summarized by the expansions given by Eqs. 20 and 21 and the following substitutions to the k-vectors
From Eqs. 20-23 we notice that the number of coefficients of the parameters and potentials are bigger than the number of coefficients of the envelope function. For instance, considering 1 plane wave for x and y directions we would have the set of K x(y) and K x(y) vectors give by {−1, 0, 1} × , therefore leading to 3×3 coefficients for the wave functions and 5×5 coefficients for the parameters and potentials. As a general rule, given a number of plane waves N pw for x and also y directions, the number of Fourier coefficients is (2 × N pw + 1)
2 for the wave functions and (4 × N pw + 1)
2 for the parameters and potentials. The connection between the Fourier coefficients and the real space points is done by the Fourier transform routines.
In this paper we have used 20 plane waves for x and y directions in a square grid for all simulations. This leads to 41×41 Fourier coefficients, or real space discretization values, for the wave functions and 81 × 81 for the parameters and potentials. This value was sufficient to achieve energy convergence in our tests. In Fig. 26 we show the example of a WZ InAs nanowire along [0001] direction with L = 30 nm. In Fig. 26(a) we show the hexagonal confinement profile with each vertex of the square grid representing one of the 81 × 81 discretization points. Similarly, in Fig. 26(b) we show the 41 × 41 square grid discretization for the probability density at k z = 0 for the first conduction subband. The nanowire itself has 61 discretization points along the diameter (distance between opposite vertices in hexagonal nanowires), with at least 10 discretization points in the surrounding vacuum at each side along the line. In our simulations we always kept the ratio of points inside to points outside the nanowire constant.
Regarding the numerical calculations, we performed the diagonalization of the final Hamiltonian using the MAGMA 128 suite which implements the LAPACK routines in a multicore + GPU (graphical processing unit) computational environment. The numerical precision of the calculations is guaranteed up to single precision which translates to energies on the order of 10 −6 eV, any value below this number was regarded as zero.
Appendix B
In Fig. 27 we show the band structure of a WZ InAs nanowire with L = 60 nm, with an applied electric field of E = 16 mV/nm. The quantum confinement induced by the electric field is large enough to cause the conduction and valence subbands to cross. In this situation it is difficult to isolate the desired subband to apply the fitting method. 
Appendix C
What about higher conduction bands? In Fig. 28 we show a band crossing evolution as a function of the applied electric field for two WZ InAs nanowires, of diameter 40 and 60 nm. Without an applied electric field the spin-split bands cross each other making it unrealistic to describe structure with a simple spin-half model. As we turn on and increase the magnitude of the electric field, the orbital quasi-degeneracy vanishes and the crossing point extends further away from the Γ-point. For this specific configuration, with an applied electric field of E = 1.6 mV/nm the band crossing occurs outside our the fitting range, therefore, making it possible, in principle, to apply the single-band model for spin-half electrons. However, due to quantum confinement effects, the crossing point shift is not the same for all nanowires crystal phases, neither applied electric field. Therefore, we choose to not apply the fitting to higher excited conduction bands. A better approach would be to develop an effective Hamiltonian that takes into account all the desired bands in the desired range and fit the Hamiltonian itself rather than the energy dispersion. The disadvantage of such an approach is the loss of simplicity.
